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We consider massless higher spin gauge theories with both electric and magnetic sources, with
a special emphasis on the spin two case. We write the equations of motion at the linear level
(with conserved external sources) and introduce Dirac strings so as to derive the equations from a
variational principle. We then derive a quantization condition that generalizes the familiar Dirac
quantization condition, and which involves the conserved charges associated with the asymptotic
symmetries for higher spins. Next we discuss briefly how the result extends to the non linear theory.
This is done in the context of gravitation, where the Taub-NUT solution provides the exact solution
of the field equations with both types of sources. We rederive, in analogy with electromagnetism,
the quantization condition from the quantization of the angular momentum. We also observe that
the Taub-NUT metric is asymptotically flat at spatial infinity in the sense of Regge and Teitelboim
(including their parity conditions). It follows, in particular, that one can consistently consider in
the variational principle configurations with different electric and magnetic masses.
I. INTRODUCTION
The idea of electric-magnetic duality has resiliently resisted developments and appears to be here to stay. Originally
explored by Dirac for electromagnetism [1, 2], it was later analyzed in the context of non-abelian gauge theories in
[3–5]. It was more recently generalized to extended objects and p-form gauge fields in [6, 7]. A fascinating implication
of electric-magnetic duality is the charge quantization condition. This condition is antisymmetric for p-dyons of even
spatial dimension p, and symmetric for odd p [8–10].
Fields with spin higher than that of the graviton were discussed some time ago by Fronsdal [11] who gave the action
integral for the free theories (see also [12]). Interest in these higher spin fields has been renewed since they appear in
the spectrum of string theory. In particular, duality for free higher spins has recently been the focus of many papers
[13–18]. Conserved, external, electric-type sources can easily be coupled to the higher spin fields but the problem
of constructing consistent self-interactions is still incompletely understood beyond spin 2 (for instance, the action
principle is not known even though non linear equations have been constructed in the remarkable work [19]). It has
been argued that self-interactions can be brought in but only among an infinite tower of fields [19].
Since duality can be defined for higher spins and since electric sources can be included, one might wonder whether
magnetic sources can be considered as well. Our paper solves positively this question for all spins at the linearized
level and provides additional insight in the full non linear theory for spin 2.
We show that conserved external sources of both types can be coupled to any given higher (integer) spin field
within the context of the linear theory. The presence of magnetic sources requires the introduction of Dirac strings,
as in the spin 1 case. To preserve manifest covariance, the location of the string must be left arbitrary and is, in
fact, unobservable classically. The requirement that the Dirac string is unobservable quantum-mechanically forces a
quantization condition of the form
1
2π~
Qγ1···γs−1(v)P
γ1···γs−1(u) ∈ Z . (I.1)
Here, the symmetric tensor P γ1···γs−1(u) is the conserved electric charge associated with the asymptotic symmetries
of the spin s field, while Qγ1···γs−1(v) is the corresponding “topological” magnetic charge. For s = 1, the asymptotic
symmetries are internal symmetries and, actually, just constant phase transformations. The conserved charge P is the
2electric charge q while Q is the magnetic charge g, yielding the familiar Dirac quantization condition for the product of
electric and magnetic charges. For s = 2 the conserved charges have a spacetime index and the quantization condition
reads (after rescaling the conserved quantities so they have dimensions of mass)
4GPγQ
γ
~
∈ Z . (I.2)
The quantity Pγ is the “electric” 4-momentum associated with constant linearized diffeomorphisms (translations)
while Qγ is the corresponding magnetic 4-momentum. For a point particle source, Pγ = Muγ where M is the
“electric” mass and uγ the 4-velocity of the electric source. Similarly, Qγ = Nvγ where N is the “magnetic” mass
and vγ the 4-velocity of the magnetic source.
All this is just a generalization of the familiar spin 1 case, although the explicit introduction of the Dirac string
is more intricate for higher spins because the gauge invariance is then more delicate to control. Indeed, there is no
gauge invariant object that involves first derivatives of the fields only (s > 1). Hence, the Lagrangian is not strictly
gauge invariant, contrary to what happens for electromagnetism, but is gauge invariant only up to a total derivative.
A serious limitation of the linear theory for s > 1 is that the sources must follow straight lines. This follows from the
strict conservation laws implied by the field equations, which are much more stringent for s > 1 than they are for s =
1. Thus the sources must be treated as externally given and cannot be freely varied in the variational principle. One
cannot study the back reaction of the spin s field on the sources without introducing self-interactions. This problem
occurs already for the spin 2 case and has nothing to do with the introduction of magnetic sources.
We have not investigated the backreaction problem for general spins s > 2 since the non linear theory is still a
subject of investigation even in the absence of sources. We have focused instead on the spin 2 case, for which the non
linear theory is given by the Einstein theory of gravity. The remarkable Taub-NUT solution [20], which represents the
vacuum exterior field of a gravitational dyon, indicates that Einstein’s theory can support both electric and magnetic
masses. The remaining part of our paper is devoted to a further discussion of the Taub-NUT solution, including an
analysis of its asymptotic properties. We provide new insight on the quantization condition (I.2) through the analysis
of the angular momentum stored in the gravitational field of a pair of electric and magnetic masses placed at different
locations.
Our paper is organized as follows. In section II, we consider in detail the spin 2 case with point particle electric and
magnetic sources. We introduce Dirac strings and derive the quantization condition. We then extend the formalism
to higher spins (section III), again with point particle sources. In section IV we consider the Taub-NUT solution and
discuss the quantization condition in the non linear context. After a brief concluding section, the article ends with
three appendices where technical aspects for spins greater than 2 that were not included in section III are dealt with
(Appendices A, B and C). Finally some aspects of the angular momentum of an electric test particle in the field of a
monopole, which turn out to be relevant to the discussion of the Taub-NUT metric are covered in Appendix D.
II. LINEARIZED GRAVITY WITH ELECTRIC AND MAGNETIC MASSES
A. Electric and magnetic sources
The equations of motion for linearized gravity coupled to both electric and magnetic sources are naturally written
in terms of the linearized Riemann tensor Rαβλµ, hereafter just called “Riemann tensor” for simplicity. This is the
physical, gauge-invariant, object, analogous to the field strength Fµν of electromagnetism. How to introduce the
“potential”, i.e., the symmetric spin 2 field hµν = hνµ will be discussed below. The dual to the Riemann tensor is
defined as
Sαβλµ = −
1
2
ǫαβγδR
γδ
λµ.
We denote the “electric” energy-momentum tensor by T µν and the “magnetic” energy-momentum tensor by Θµν .
These are both symmetric and conserved, T µν = T νµ, Θµν = Θνµ, T µν, ν = 0, Θ
µν
, ν = 0. It is also useful to define
T¯ µν = T µν − 12 η
µν T , Θ¯µν = Θµν − 12 η
µν Θ where T and Θ are the traces. We assume that T µν and Θµν have the
units of an energy density. We set c = 1 but keep G.
The form of the equations in the presence of both types of sources is fixed by: (i) requiring duality invariance with
respect to the SO(2)-rotations of the curvatures and the sources [17],
R′αβλµ = cosαRαβλµ + sinαSαβλµ, S
′
αβλµ = − sinαRαβλµ + cosαSαβλµ,
T ′αβ = cosαTαβ + sinαΘαβ, Θ
′
αβ = − sinαTαβ + cosαΘαβ ,
3and, (ii) using the known form of the equations in the presence of electric masses only. One finds explicitly the
following:
• The Riemann tensor is antisymmetric in the first two indices and the last two indices, but in general is not
symmetric for the exchange of the pairs, i.e., Rαβλµ = −Rβαλµ, Rαβλµ = −Rαβµλ with Rαβλµ 6= Rλµαβ (in the
presence of magnetic sources).
• In the presence of magnetic sources the cyclic identity is [33]
Rαβλµ +Rβλαµ +Rλαβµ = 8πG ǫαβλν Θ¯
ν
µ . (II.1)
This enables one to relate Rαβλµ to Rλµαβ through
Rαβγδ − Rγδαβ = 4πG
(
ǫαβγλΘ¯
λ
δ − ǫαβδλΘ¯
λ
γ + ǫβγδλΘ¯
λ
α − ǫαγδλΘ¯
λ
β
)
. (II.2)
It follows that the Ricci tensor is symmetric, Rλµ = Rµλ. The Einstein tensor Gλµ = Rλµ − (1/2)ηλµR is then
also symmetric.
• The Bianchi identity is
∂ǫRαβγδ + ∂αRβǫγδ + ∂βRǫαγδ = 8πG ǫǫαβρ(∂γΘ¯
ρ
δ − ∂δΘ¯
ρ
γ) . (II.3)
Although there is now a right-hand side in the Bianchi identity, the contracted Bianchi identities are easily
verified to be unaffected and still read
Gλµ, µ = 0 . (II.4)
• The Einstein equations are
Gλµ = 8πGT λµ , (II.5)
or equivalently, Rλµ = 8πG T¯ λµ, and force exact conservation of the sources because of the contracted Bianchi
identity, as in the absence of magnetic mass.
The equations are completely symmetric under duality. Indeed, one easily checks that one gets the same equations
for the dual curvature Sαβλµ with the roles of the electric and magnetic energy-momentum tensors exchanged. In the
course of the verification of this property, the equation
∂µRµργδ = 8πG
(
∂γT¯ρδ − ∂δT¯ργ
)
,
which follows from (II.2), (II.3) and the conservation of Θµν are useful. Furthermore, in the absence of magnetic
sources, one recovers the equations of the standard linearized Einstein theory since the cyclic and Bianchi identities
have no source term in their right hand sides.
The formalism can be extended to include a cosmological constant Λ. The relevant curvature is then the MacDowell-
Mansouri curvature [21] linearized around (anti) de Sitter space [18]. In terms of this tensor, the equations (II.1),
(II.3) and (II.5) take the same form, with ordinary derivatives replaced by covariant derivatives with respect to the
(anti) de Sitter background.
B. Decomposition of the Riemann tensor - Spin 2 field
We exhibit a variational principle from which the equations of motion follow. To that end, we first need to indicate
how to introduce the spin 2 field hµν .
Because there are right-hand sides in the cyclic and Bianchi identities, the Riemann tensor is not directly derived
from a potential hµν . To introduce hµν , we split Rλµαβ into a part that obeys the cyclic and Bianchi identities and a
part that is fixed by the magnetic energy-momentum tensor. Let Φαβγ be such that
∂αΦ
αβ
γ = 16πGΘ
β
γ , Φ
αβ
γ = −Φ
βα
γ . (II.6)
We shall construct Φαβγ in terms of Θ
β
γ and Dirac strings below. We set
Rλµαβ = rλµαβ +
1
4
ǫλµρσ
(
∂αΦ¯
ρσ
β − ∂βΦ¯
ρσ
α
)
, (II.7)
4with
Φ¯ρσα = Φ
ρσ
α +
1
2
(δραΦ
σ − δσαΦ
ρ) , Φρ ≡ Φρσσ .
Using ∂α Φ¯
αβ
γ = 16πG Θ¯
β
γ − ∂γΦ¯
β , Φ¯β = − 12Φ
β , one easily verifies that the cyclic and Bianchi identities take the
standard form when written in terms of rαβλµ, namely,
rαβλµ + rβλαµ + rλαβµ = 0, ∂ǫrαβγδ + ∂αrβǫγδ + ∂βrǫαγδ = 0.
Hence, there exists a symmetric tensor hµν such that rαβλµ = −2∂[βhα][λ, µ].
If one sets yλµγ = ǫ
λµρσ∂ρhσγ = −y
µλ
γ , one may rewrite the curvature as
Rλµαβ =
1
4
ǫλµρσ
(
∂αY¯
ρσ
β − ∂β Y¯
ρσ
α
)
, (II.8)
with
Y ρσβ = y
ρσ
β +Φ
ρσ
β = −Y
σρ
β , Y¯
ρσ
α = Y
ρσ
α +
1
2
(δραY
σ − δσαY
ρ) , Y ρ ≡ Y ρσσ , (II.9)
(note that y¯ρσα = y
ρσ
α and that ∂ρy
ρσ
α = 0).
C. Dirac string
We consider point particle sources. The particles must be forced to follow straight lines because of the conservation
equations T µν,ν = 0 and Θ
µν
,ν = 0. If u
µ is the 4-velocity of the electric source and vµ the 4-velocity of the magnetic
source, one has
T µν = Muν
∫
dλδ(4)(x− z(λ))z˙µ, Θµν = Nvν
∫
dλδ(4)(x − z¯(λ)) ˙¯zµ , (II.10)
where zµ(λ) and z¯µ(λ)) are the worldlines of the electric and magnetic sources respectively, e.g. uµ = dzµ/ds.
Performing the integral, one finds
T µν =
uµuν
u0
δ(3)(~x− ~z(x0)), Θµν =
vµvν
v0
δ(3)(~x− ~¯z(x0)) .
The tensor Φαβγ introduced in (II.6) can be constructed a` la Dirac [2], by attaching a Dirac string y
µ(λ, σ) to the
magnetic source, yµ(λ, 0) = z¯µ(λ). One has explicitly
Φαβγ = 16πGNvγ
∫
dλdσ(y′αy˙β − y˙αy′β)δ(4)(x− y(λ, σ)) , (II.11)
where
y˙α =
∂yα
∂λ
, y′α =
∂yα
∂σ
.
One verifies exactly as for electromagnetism that the divergence of Φαβγ is equal to the magnetic energy-momentum
tensor (up to the factor 16πG). What plays the role of the magnetic charge g in electromagnetism is now the conserved
product Nvµ of the magnetic mass of the source by its 4-velocity. This is the magnetic 4-momentum.
D. Variational principle
1. Action
When the curvature is expressed in terms of hµν as in (II.8), the expressions (II.1) and (II.3) are identically fulfilled
and the relations (II.5) become equations of motion for hµν . These equations can be derived from a variational
principle which we now describe.
5The action that yields (II.5) is
S[hµν(x), y
µ(λ, σ)] =
1
16πG
∫
1
4
(
Y¯αβγ Y¯
αγβ − Y¯αY¯
α
)
d4x+
1
2
∫
hµνT
µνd4x . (II.12)
One varies the fields hµν and the coordinates y
µ of the string (with the condition that it remains attached to the
magnetic source), but not the trajectories of the sources, which are fixed because of the conservation laws ∂µT
µν = 0
and ∂µΘ
µν = 0. This is a well known limitation of the linearized theory, present already in the pure electric case. To
treat the sources as dynamical, one needs to go beyond the linear theory.
If there is no magnetic source, the first term in the action reduces to
SPF =
1
16πG
∫
1
4
(
−∂λhαβ∂
λhαβ + 2∂λh
λα∂µhµα − 2∂
λh∂µh
µλ + ∂λh∂
λh
)
,
which is the Pauli-Fierz action, whose variation with respect to hαβ gives −
1
16πG times the linearized Einstein tensor
Gαβ . It is straightforward to verify that the variation of the first term in the action with respect to hαβ still gives
− 116πG times the linearized Einstein tensor G
αβ with correct Φµνα contributions even in the presence of magnetic
sources. So, the equations of motion that follow from (II.12) when one varies the gravitational field are the Einstein
equations (II.5).
Extremization with respect to the string coordinates does not bring in new conditions provided that the Dirac
string does not go through an electric source (Dirac veto).
The action (II.12) was obtained by using the analysis of source-free linearized gravity in terms of two independent
fields given in [16], which enables one to go from the electric to the magnetic formulations and vice-versa, by elimination
of magnetic or electric variables. As one knows how to introduce electric sources in the electric formulation, through
standard minimal coupling, one can find how these sources appear in the magnetic formulation by eliminating the
electric variables and keeping the magnetic potentials. So, one can determine how to introduce electric poles in the
magnetic formulation, or, what is equivalent, magnetic poles in the electric formulation.
2. Gauge invariances
Diffeomorphism invariance
The action (II.12) is invariant under linearized diffeomorphisms and under displacements of the Dirac string (ac-
companied by appropriate transformations of the spin 2 field). The easiest way to show this is to observe that the
first term in the action (II.12) is invariant if one shifts Y µνα according to
Y µνα → Y
µν
α + δ
µ
α∂ρz
νρ − δνα∂ρz
µρ + ∂αz
µν , (II.13)
where zµν = −zνµ is arbitrary. This is most directly verified by noting that under (II.13), the tensor Y¯ µνα defined in
(II.9) transforms simply as
Y¯ µνα → Y¯
µν
α + ∂αz
µν (II.14)
and this leaves invariant the first term in (II.12) up to a total derivative. Note that the Riemann tensor (II.8) is
strictly invariant. The transformation (II.13) can be conveniently rewritten as
Y µνα → Y
µν
α + ǫ
µνρσ∂ρaσα , (II.15)
where aσα = −aασ is given by aσα =
1
2ǫσαβγz
βγ .
A (linearized) diffeomorphism
hµν → hµν + ∂µξν + ∂νξµ (II.16)
(with the string coordinates unaffected) modifies Y µνα as in (II.15) with aσα = ∂αξσ − ∂σξα (note that the term
∂σξα in aσα does not contribute because ∂[ρ∂σ]ξα = 0). Hence, the first term in the action (II.12) is invariant under
diffeomorphisms. The minimal coupling term is also invariant because the energy-momentum tensor is conserved. It
follows that the complete action (II.12) is invariant under diffeomorphisms.
6Displacements of the Dirac string
An arbitrary displacement of the Dirac string,
yα(τ, σ)→ yα(τ, σ) + δyα(τ, σ) (II.17)
also modifies Y µνα as in (II.15) provided one transforms simultaneously the spin 2 field hµν appropriately. Indeed,
under the displacement (II.17) of the Dirac string, the quantity Φµνα changes as Φ
µν
α → Φ
µν
α + k
µν
α where k
µν
α
can be computed from δyα(τ, σ) through (II.11) and has support on the old and new string locations. Its explicit
expression will not be needed. What will be needed is that it fulfills
∂µk
µν
α = 0 , (II.18)
because the magnetic energy-momentum tensor is not modified under a displacement of the Dirac string. The field
Y µνα changes then as
Y µνα → Y
µν
α + ǫ
µνρσ∂ρδhσα + k
µν
α (II.19)
where δhσα is the sought after variation of hσα. By using (II.18), one may rewrite the last term in (II.19) as ∂ρt
µνρ
α
for some tµνρα = t
[µνρ]
α. Again, we shall not need an explicit expression for tµνρα, but only the fact that because
kµνα has support on the string locations, which do not go through the electric sources (Dirac veto), one may choose
tµνρα to vanish on the electric sources as well. In fact, one may take t
µνρ
α to be non-vanishing only on a membrane
supported by the string. Decomposing tµνρα as t
µνρ
α = ǫ
µνρσ (sσα + aσα), sσα = s(σα), aσα = a[σα] and taking hσα to
transform as hσα → hσα−sσα one sees from (II.19) that the variation of Y
µν
α takes indeed the form (II.15). Thus the
first term in the action is invariant. The minimal coupling term is also invariant because the support of the variation
of the spin 2 field does not contain the electric worldlines.
One can also observe that the variation δrαβρσ vanishes outside the original and displaced string locations. This
implies δhαβ = ∂αξβ + ∂βξα except on the location of both strings, where ξα induces a delta function contribution on
the string (“singular gauge transformation”). The explicit expressions will not be given here.
Identities
The identities which follow from the invariance (II.13), or (II.15), of the first term
L =
1
64πG
(
Y¯αβγ Y¯
αγβ − Y¯αY¯
α
)
in the action may be written as
∂ρ
(
∂L
∂Y αβγ
)
ǫαβρσ = ∂ρ
(
∂L
∂Y αβσ
)
ǫαβργ . (II.20)
They imply that
−
1
16πG
Gαβ =
δL
δhαβ
= −∂ρ
(
∂L
∂Y µνβ
)
ǫµνρα (II.21)
= −∂ρ
(
∂L
∂Y µνα
)
ǫµνρβ , (II.22)
from which the contracted Bianchi identities are easily seen to indeed hold.
The expression (II.8) of the Riemann tensor in terms of Y¯ µνα makes it clear that it is invariant under (II.14) and
thus, invariant under both diffeomorphisms and displacements of the Dirac string.
E. Quantization condition
Because of the gauge invariances just described, the Dirac string is classically unobservable. In the Hamiltonian
formalism, this translates itself into the existence of first-class constraints expressing the momenta conjugate to the
string coordinates in terms of the remaining variables. Demanding that the string remains unobservable in the
quantum theory imposes a quantization condition on the charges, which we now derive. The argument follows closely
that of Dirac in the electromagnetic case [2].
7Working for simplicity in the gauge y0 = λ (which eliminates y0 as an independent variable), one finds the constraints
πm = −32πGNy
′n vγ
∂L
∂Y mnγ
. (II.23)
The right hand side of (II.23) generates the change of the gravitational field that accompanies the displacement of
the Dirac string.
In the quantum theory, the wave functional ψ must therefore fulfill
~
i
δψ
δym(σ)
= −32πGNy′n vγ
∂L
∂Y mnγ
ψ .
We integrate this equation as in [2], along a path in the configuration space of the string that encloses an electric
source. One finds that the variation of the phase of the wave functional is given by
∆Ψ = −
16πGN vγ
~
∫
∂L
∂Y mnγ
(y˙my′n − y˙ny′m) dσdλ , (II.24)
where the integral is taken on the two-dimensional surface enclosing the electric source. Using the Gauss theorem,
this can be converted to a volume integral,
∆Ψ = −
16πGN vγ
~
∫
d3x ǫmnp ∂p
(
∂L
∂Y mnγ
)
.
Because ǫmnp∂p
(
∂L
∂Ymnγ
)
= δL
δh0γ
, the variation of the phase becomes, upon use of the constraint (initial value) Einstein
equations G0γ = 8πGT 0γ ,
∆Ψ =
8πGN vγ
~
∫
d3xT 0γ =
8πGN M vγu
γ
~
.
For the wave functional to be single-valued, this should be a multiple of 2π. This yields the quantization condition
4NMGvγu
γ
~
= n, n ∈ Z . (II.25)
Introducing the conserved charges P γ , Qγ associated with the spin 2 theory (electric and magnetic 4-momentum),
this can be rewritten as
4GPγQ
γ
~
∈ Z . (II.26)
It is to be stressed that the quantization condition is not a condition on the electric and magnetic masses, but rather,
on the electric and magnetic 4-momenta. In the rest frame of the magnetic source, the quantization condition becomes
4GEN
~
∈ Z , (II.27)
where E is the (electric) energy of the electric mass. Thus, it is the energy which is quantized, not the mass.
We have taken above a pure electric source and a pure magnetic pole. We could have taken dyons, one with charges
(P γ , Qγ), the other with charges (P¯ γ , Q¯γ). Then the quantization condition reads
4G
(
PγQ¯
γ − P¯γQ
γ
)
~
≡
4GǫabQ
a
γQ¯
bγ
~
∈ Z , (II.28)
since the sources are pointlike (0-dyons). Here Qaγ ≡ (Pγ , Qγ), a, b = 1, 2 and ǫab is the SO(2)-invariant Levi-Civita
tensor in the 2-dimensional space of the charges.
8F. One-particle solutions
1. Electric mass
We consider a point particle electric mass at rest at the origin of the coordinate system. The only non-vanishing
component of its electric energy momentum tensor is T 00(x0, ~x) = Mδ(3)(~x) while Θµν vanishes. There is no Dirac
string since there is no magnetic mass. The metric generated by this source is static. The linearized Einstein equations
are well known to imply in that case the linearized Schwarzschild solution, namely in polar coordinates
h00 =
2GM
r
= hrr, other components vanish ,
or in Cartesian coordinates
h00 =
2GM
r
, hij =
2GM
r3
xixj , other components vanish.
Indeed, one then finds
R0s0b = M
(
−
3xsxb
r5
+
δsb
r3
+
4π
3
δsb δ(~x)
)
R0sab = 0 = Rab0s ,
Rpqab = (δpaδqb − δpbδqa)
(
2M
r3
+
8π
3
δ(~x)
)
,
−3M
(
δpa
xbxq
r5
− δqa
xbxp
r5
− δpb
xaxq
r5
+ δqb
xaxp
r5
)
,
and thus R00 = 4πGMδ
3(~x), Rab = 4πGM δab δ
3(~x). The solution can be translated and boosted to obtain a moving
source at an arbitrary location.
2. Magnetic mass
We now consider the dual solution, that is, a point magnetic mass sitting at the origin. We have Θ00(x0, ~x) =
Nδ(3)(~x) as the only non-vanishing component of the magnetic energy-momentum tensor. Furthermore, T µν = 0.
The solution is linearized Taub-NUT [20], with only magnetic mass, i.e., in polar coordinates,
h0ϕ = −2N(1− cos θ), other components vanish.
With this choice of h0ϕ the string must be taken along the negative z-axis in order to cancel the singularity at θ = π.
The tensor Φαβλ is given by Φ
0z
0 = −16πNθ(−z)δ(x)δ(y) (other components vanish).
One then finds the only non-vanishing components (in Cartesian coordinates)
Y¯ ′0s0 = −2N
xs
r3
, Y¯ ′rsc = 2N
(
δrc
xs
r3
− δsc
xr
r3
)
.
Here, Y¯ ′αβγ differs from Y¯
αβ
γ by a gauge transformation (II.14) with z
lm = ǫlmph0p, z
0m = 0, and hence gives the same
curvature. Dealing with Y¯ ′αβγ rather than Y¯
αβ
γ simplifies the computations. It follows that the curvature is given by
R0s0b = 0, Rlmab = 0,
Rlm0b = Nǫlms
(
3xbxs
r5
−
δbs
r3
−
4π
3
δbs δ(~x)
)
,
R0mab = 2Nǫabm
(
1
r3
+
4π
3
δ(~x)
)
− 3N
(
ǫmak
xbxk
r5
− ǫmbk
xaxk
r5
)
,
which satisfies the equations of motion, Rαβ = 0 and R0ijk +Rij0k +Rj0ik = 4πNǫijkδ(~x) = −8πǫ0ijλΘ¯
λ
k.
Finally, one easily checks that the linearized Riemann tensor of linearized Taub-NUT is indeed dual to the linearized
Riemann tensor of linearized Schwarschild. In that respect, the reason that it was more convenient to work with Y¯ ′αβγ
instead of Y¯ αβγ above is that it is Y¯
′αβ
mag γ that is dual to Y¯
αβ
Schw γ . While the curvatures are dual, the original quantities
Y¯ αβγ are dual up to a gauge transformation (II.14).
9III. MAGNETIC SOURCES FOR BOSONIC HIGHER SPINS
We now indicate how to couple magnetic sources to spins greater than two. The procedure parallels what we have
just done for spin 2 but the formulas are somewhat cumbersome because of the extra indices on the fields and the
extra trace conditions to be taken into account. We shall therefore only give the general outline of the analysis in the
text and relegate the technical details to appendices. The formalism describing higher spin fields in the absence of
magnetic sources is recalled in Appendix A.
The spin s curvature Rµ1ν1µ2ν2···µsνs is the gauge invariant object in terms of which we shall first write the equations
of the theory. Its index symmetry is described by the Young tableau
µ1
ν1
µ2
ν2
· · ·
· · ·
µs
νs
⊗
, (III.1)
i.e.,
Rµ1ν1···µiνi···µsνs = −Rµ1ν1···νiµi···µsνs , i = 1, · · · , s (III.2)
and
Rµ1ν1···[µiνiµi+1]···µsνs = 0, i = 2, · · · , s− 1 . (III.3)
Its dual, defined through
Sµ1ν1µ2ν2···µsνs = −
1
2
ǫµ1ν1ρσR
ρσ
µ2ν2···µsνs
,
has the same symmetry structure. Note that, just as in the spin 2 case, this does not define an irreducible representation
of the linear group. But, also as in the spin 2 case, we shall find that only the irreducible part described by
µ1
ν1
µ2
ν2
· · ·
· · ·
µs
νs (III.4)
(i.e., fulfilling also (III.3) for i = 1) corresponds to the independent degrees of freedom (the rest being determined by
the sources).
The electric and magnetic energy-momentum tensors will be denoted by tµ1µ2···µs and θµ1µ2···µs . They are conserved,
i.e. divergence-free: ∂µt
µν1···νs−1 = 0, ∂µθ
µν1···νs−1 = 0. Their double traceless parts are written Tµ1µ2···µs and
Θµ1µ2···µs , and are the tensors that actually couple to the spin s field.
A. Electric and magnetic sources
The equations in the presence of both electric and magnetic sources are determined again by the requirements: (i)
that they reduce to the known equations with electric sources only when the magnetic sources are absent, and (ii)
that they be invariant under the duality transformations that rotate the spin s curvature and its dual, as well as the
electric and magnetic sources.
Defining Θ¯µ1µ2···µs = Θµ1µ2···µs −
s
4η(µ1µ2Θ
′
µ3···µs)
, one finds the following set of equations for the curvature:
Rµ1ν1µ2ν2···µsνsη
ν1ν2 =
1
2
T¯µ1µ2[µ3[···[µs,νs]··· ]ν3] , (III.5)
R[µ1ν1µ2]ν2···µsνs =
1
6
ǫµ1ν1µ2ρΘ¯
ρ
ν2[µ3[···[µs,νs]··· ]ν3]
, (III.6)
∂[αRµ1ν1]µ2ν2···µsνs = −
1
3
ǫαµ1ν1ρΘ¯
ρ
[µ2[µ3[···[µs,νs]··· ]ν3]ν2]
. (III.7)
The first equation is the analog of the Einstein equation (II.5), the second is the analog of the modified cyclic identity
(II.1), while the third is the analog of the modified Bianchi identity (II.3). It follows from these equations that the
dual curvature obeys similar equations,
Sµ1ν1µ2ν2···µsνsη
ν1ν2 =
1
2
Θ¯µ1µ2[µ3[···[µs,νs]··· ]ν3] , (III.8)
S[µ1ν1µ2]ν2···µsνs = −
1
6
ǫµ1ν1µ2ρT¯
ρ
ν2[µ3[···[µs,νs]··· ]ν3]
, (III.9)
∂[αSµ1ν1]µ2ν2···µsνs =
1
3
ǫαµ1ν1ρT¯
ρ
[µ2[µ3[···[µs,νs]··· ]ν3]ν2]
, (III.10)
exhibiting manifest duality symmetry.
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B. Decomposition of the curvature tensor
As in the spin 2 case, the curvature tensor can be expressed in terms of a completely symmetric potential hµ1···µs
and of a tensor Φρσµ1···µs−1 fixed by the magnetic energy-momentum tensor, so that the cyclic and Bianchi identities
do indeed become identities.
Let Φρσµ1···µs−1 be such that
∂ρΦ
ρσ
µ1···µs−1
= θσµ1···µs−1 , (III.11)
and let Φˆρσµ1···µs−1 be the part of Φ
ρσ
µ1···µs−1 that is traceless in the indices µ1 · · ·µs−1. For computations, it is
useful to note that ∂ρΦˆ
ρσ
µ1···µs−1 = Θ
σ
µ1···µs−1
− (s−2)4 η(µ1µ2Θ
′σ
µ3···µs−1)
. The expression of the tensor Φρσµ1···µs−1 in
terms of the Dirac string is given below. The appropriate expression of the curvature tensor in terms of the spin s
field and the Dirac string contribution is:
Rµ1ν1µ2ν2···µsνs = −
1
2
ǫµ1ν1ρσY¯
ρσ
[µ2[µ3[···[µs,νs]··· ]ν3]ν2]
, (III.12)
where
Y¯ ρσ µ1···µs−1 = Y
ρσ
µ1···µs−1
+
2(s− 1)
s
δ
[ρ
(µ1
Y
σ]θ
µ2···µs−1)θ
, (III.13)
Y ρσ µ1···µs−1 = ∂θX
ρσθ
µ1···µs−1
+ Φˆρσµ1···µs−1 , (III.14)
Xρσθµ1···µs−1 = ǫ
ρσθλhλµ1···µs−1 −
3(s− 1)(s− 2)
2s
ηα(µ1δ
[ρ
µ2
ǫσθ]αβh′µ3···µs−1)β . (III.15)
The split of Y ρσ µ1···µs−1 into an X-part and a Φ-part defines a split of the Riemann tensor analogous to the split (II.7)
introduced for spin 2. The Dirac string contribution (Φ-term) removes the magnetic terms violating the standard
cyclic and Bianchi identities, leaving one with a tensor rµ1ν1µ2ν2···µsνs that fulfills
r[µ1ν1µ2]ν2···µsνs = 0, ∂[αrµ1ν1]µ2ν2···µsνs = 0 ,
and thus derives from a symmetric potential (the spin s field hµ1···µs) as
rµ1ν1µ2ν2···µsνs = −2 h[µ1[µ2···[µs,νs]···ν2]ν1] (III.16)
(see Appendix A). The X-term in the curvature is a rewriting of (III.16) that is convenient for the subsequent analysis.
The potential hµ1···µs is determined from the curvature up to a gauge transformation with unconstrained trace. The
fact that only Φˆρσµ1···µs−1 appears in the curvature and not Φ
ρσ
µ1···µs−1 is a hint that only the double traceless part
Θµ1···µs of the magnetic energy-momentum tensor plays a physical role.
C. Equations of motion for the spin s field
In terms of the potential, the remaining equation (III.5) is of order s. In the sourceless case, one replaces it by
a second order equation written first by Fronsdal [11]. This can be done also in the presence of both electric and
magnetic sources by following the procedure described in [14, 15]. The crucial observation is that the curvature is
related as in (A.5), namely,
Rµ1ν1µ2ν2···µsνsη
ν1ν2 = −
1
2
Fµ1µ2[µ3[···[µs,νs]··· ]ν3] , (III.17)
to the generalized Fronsdal tensor given by
Fγ1···γs = −
1
2
ǫγ1µνλ
(
∂λY¯ µνγ2···γs − (s− 1) ∂(γ2 Y¯
µνλ
γ3···γs)
)
, (III.18)
so that (III.5) is equivalent to Fµ1µ2[µ3[···[µs,νs]··· ]ν3]+T¯µ1µ2[µ3[···[µs,νs]··· ]ν3] = 0. This implies Fµ1µ2µ3···µs+T¯µ1µ2µ3···µs =
∂(µ1µ2µ3Λµ4···µs) for some Λµ4···µs [22]. By making a gauge transformation on the spin s field, one can set the right-hand
side of this relation equal to zero (see Appendix A), obtaining the field equation
Fµ1µ2µ3···µs + T¯µ1µ2µ3···µs = 0 , (III.19)
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which fixes the trace of the gauge parameter. When s = 3 this is the end of the story.
For s ≥ 4 additional restrictions are necessary, namely, we shall demand that the gauge transformation that brings
the field equation to the form (III.19) eliminates at the same time the double trace of the field hµ1···µs (see [14] for a
discussion).
In terms of the generalized Einstein tensor defined as in (A.7), i.e.,
Gµ1µ2···µs = Fµ1µ2···µs −
s(s− 1)
4
η(µ1µ2F
ρ
µ3···µs)ρ
, (III.20)
the equations become
Gµ1µ2µ3···µs + Tµ1µ2µ3···µs = 0. (III.21)
We shall thus adopt (III.21), with the Einstein tensor, Fronsdal tensor and Y -tensor defined as in (III.20), (III.18)
and (III.13), respectively, as the equations of motion for a double traceless spin s field hµ1···µs . These equations
imply (III.5) through (III.10) and define the theory in the presence of both electric and magnetic sources. It is these
equations that we shall derive from a variational principle.
D. Point particles sources - Dirac string
For point sources, the tensors that couple to the spin s field read
tµν1···νs−1 = Muν1 · · ·uνs−1
∫
dλδ(4)(x− z(λ))z˙µ = M
uµuν1 · · ·uνs−1
u0
δ(3)(~x− ~z(x0))
and
θµν1···νs−1 = Nvν1 · · · vνs−1
∫
dλδ(4)(x− z¯(λ)) ˙¯zµ = N
vµvν1 · · · vνs−1
v0
δ(3)(~x − ~¯z(x0)) .
One can check that they are indeed conserved.
A tensor Φαβγ1···γs−1 that satisfies (III.11) can again be constructed by attaching a Dirac string y
µ(λ, σ) to the
magnetic source, yµ(λ, 0) = z¯µ(λ). One has
Φαβγ1···γs−1 = Nvγ1 · · · vγs−1
∫
dλdσ(y′αy˙β − y˙αy′β)δ(4)(x− y(λ, σ)) .
One can compute explicitly the conserved charges associated with asymptotic symmetries for electric point sources
(see Appendix A). Using the equations of motion, they read
Pµ1···µs−1 = Mfµ1···µs−1(u) ,
where fµ1···µs−1(u) is the traceless part of uµ1 · · ·uµs−1 . One then finds
fµ1···µs−1(u) =
∑
l
αl η
(µ1µ2 · · · ηµ2l−1µ2luµ2l+1 · · ·uµs−1)|u|2l ,
where the sum goes over l = 0, 1, · · · such that 2l ≤ s− 1, α0 = 1 and αl+1 = −
(s−1−2l)(s−2−2l)
4(l+1)(s−1−l) αl .
The dual magnetic charges
Qµ1···µs−1 = Nfµ1···µs−1(v)
are also conserved.
E. Variational Principle
The second-order equations of motion Gγ1···γs+ Tγ1···γs = 0 equivalent to (III.5), are the Euler-Lagrange derivatives
with respect to hγ1···γs of the action
S[hµ1···µs(x), y
µ(λ, σ)] =
∫
d4x (L+ hµ1···µst
µ1···µs) , (III.22)
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where
L = −
(s− 1)
2
Yµνα1···αs−1
[
− Y µα1να2···αs−1 +
(s− 2)
2(s− 1)
Y µνα1···αs−1
+
(s− 3)
s
ηµα1Y νρα2···αs−1ρ −
(s− 2)
s
ηµα1Y α2ρνα3···αs−1 ρ
]
.
Indeed, one can check that δL
δhγ1···γs
= Gγ1···γs . As in the spin 2 case, the trajectories of the electric and magnetic
sources are kept fixed, i.e., the sources are not dynamical. The magnetic coupling in the action was obtained by
introducing the familiar minimal electric coupling in the “parent action” of [16], which contains two potentials, and
determining what it becomes in the dual formulation.
The action (III.22) can be verified to be invariant under the gauge symmetries (A.1) of the spin s field as well
as under displacements of the Dirac string (accompanied by an appropriate redefinition of hµ1···µs). This is done in
Appendix B.
F. Quantization condition
As for spin 2, the unobservability of the Dirac string in the quantum theory leads to a quantization condition.
The computation proceeds exactly as in the spin 2 case and is reproduced in Appendix C. One finds explicitly the
quantization condition
MN
2π~
fγ1···γs−1(v)f
γ1···γs−1(u) = n, n ∈ Z . (III.23)
In terms of the conserved charges P γ1···γs−1 associated with the asymptotic symmetries and their dual charges
Qγ1···γs−1 , the quantization condition can be rewritten as
1
2π~
Qγ1···γs−1(v)P
γ1···γs−1(u) ∈ Z . (III.24)
IV. BEYOND THE LINEAR THEORY FOR SPIN TWO
We have seen that magnetic sources can be introduced for linearized gravity and linearized higher-spin theories,
and that an appropriate generalization of the Dirac quantization condition on the sources must hold. However in the
linear theory the treatment is already incomplete since the sources must be external. In the full non linear theory
even the introduction of external sources is not possible. For spin 2 the difficulty stems from the fact that the source
must be covariantly conserved and for spins ≥ 2 the formulation of the non linear theory is still incomplete.
Nevertheless, we shall address the issue of duality in the spin 2 case, for which the non linear theory in the absence of
sources is the vacuum Einstein theory of gravitation. This is the “electric” formulation. Electric sources are coupled
through their standard energy-momentum momentum tensor. We do not know whether magnetic sources should
appear as independent fundamental degrees of freedom (the complete action with these degrees of freedom included is
unknown and would presumably be non local, as the results of [23] suggest) or whether they should appear as solitons
somewhat like in Yang-Mills theory [5].
Whatever the answer, there are indications that duality invariance and quantization conditions are valid beyond
the flat space, linear regime studied above. One indication is given by dimensional reduction of the full Einstein
theory, which reveals the existence of “hidden symmetries” that include duality [24]. Another indication that non
linear gravity enjoys duality invariance is given by the existence of the Taub-NUT solution [20], which is an exact
solution of the vacuum Einstein theory describing a gravitational dyon. The quantization condition on the energy of
a particle moving in the Taub-NUT geometry is a well known result which has been discussed by many authors [25]
and which can be viewed as a consequence of the existence of closed timelike lines [26].
Because of the importance of the Taub-NUT metric, we shall devote the rest of the paper to a further investigation
of its properties. First, we shall rederive the quantization condition along new lines, from the quantization of the
angular momentum stored in the gravitational field. Next, we compute the Poincare´ charges for the Taub-NUT
metric, which is asymptotically flat at spatial infinity in the sense of [27].
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A. The gravitating magnetic pole
The Taub-NUT metric is given by :
ds2 = −V (r)[dt + 2N(k − cos θ) dφ]2 + V (r)−1dr2 + (r2 +N2)(dθ2 + sin2 θ dφ2) , (IV.1)
with
V (r) = 1−
2(N2 +Mr)
(r2 +N2)
=
r2 − 2Mr −N2
r2 +N2
, (IV.2)
where N and M are the magnetic and electric masses as follows from the asymptotic analysis of the metric and our
discussion of the linear theory. A pure magnetic mass has M = 0. The number k can be changed according to
k → k′ = k − α (IV.3)
by performing a t coordinate transformation
t→ t′ = t+ 2Nαφ . (IV.4)
The metric (IV.1) is singular on the z-axis. This singularity is most easily seen by calculating |∇t|2 and can be
interpreted as a singularity of the metric or of the t coordinate. It is known in the literature as the Dirac-Misner
string singularity, due to its analogy with the Maxwell case. Its location depends on the value of k: for k = 1 the
singularity is at θ = π and for k = −1 it is at θ = 0. For all other values of k both string singularities exist. The
choice k = 0 makes the North and South poles play a symmetrical role. In his paper [26], Misner showed that the
singularity is a coordinate singularity and that the metric describes a non-singular manifold provided that the time
coordinate t is taken to be periodic with period 8πN .
B. Spatial rotations and quantization condition
Even though the metric contains a dtdφ term, it is spherically symmetric. However, the rotation group acts on
spacetime in an unconventional way [26] and the rotation Killing vectors differ from those of flat space by extra
terms. One can understand the origin of these extra terms by comparing the Taub-NUT solution with the standard
electromagnetic magnetic monopole solution and recalling that for stationary metrics, the mixed time-space metric
components are naturally interpreted as the component of an electromagnetic vector potential (“gravitomagnetism”):
g0i ∼ Ai. In this spirit, the above metric component g0i would correspond to a monopole potential
Aφ = −2N(k − cos θ) (IV.5)
with magnetic charge N , as has been observed by many authors.
To understand the form of the Killing vectors, we start with the generator of rotations around the z-axis. It is
recalled in Subsection D1 that in the electromagnetic case, rotations of the electromagnetic potential of a magnetic pole
must be accompanied by gauge transformations. When the g0i metric components are interpreted as the components
of a vector potential, the electromagnetic gauge transformations lift to diffeomorphisms along the time direction. We
therefore expect the gauge parameter which accompanies a rotation to lift to a component along ∂/∂t.
This expectation turns out to be correct. The metric (IV.1) has four Killing vectors, given in [26] for k = 1, which
we display as
ξt =
∂
∂t
,
ξx = − sinφ
∂
∂θ
− cosφ cot θ
∂
∂φ
+
(
2Nk cosφ cot θ − 2N
cosφ
sin θ
)
∂
∂t
,
ξy = cosφ
∂
∂θ
− sinφ cot θ
∂
∂φ
+
(
2Nk sinφ cot θ − 2N
sinφ
sin θ
)
∂
∂t
,
ξz =
∂
∂φ
− 2Nk
∂
∂t
. (IV.6)
These satisfy the commutation relations
[ξa, ξb] = −ǫabcξc , [ξa, ξt] = 0 , (IV.7)
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where a, b, c = x, y, z and ǫxyz = 1, which constitute the standard su(2)×u(1) Lie algebra. For N = 0, which is the
Schwarzschild case, the three Killing vectors ξa generate spacelike two-spheres. In the case of Taub-NUT, although
the algebra is the same, the action of the group on the manifold is, as pointed out by Misner, different. In fact, the ξa
which satisfy the su(2) algebra now generate the r =constant three-spheres. These three-spheres have a Lorentzian
metric.
The three rotation Killing vectors ξa are invariant under reflections with respect to the origin (t→ −t, θ → π − θ,
φ → φ + π, N → −N and k → −k). This should be the case because being the generators of rotations they are
pseudo-vectors.
One also observes that ξz has a component along ∂/∂t proportional to the magnetic mass. We find this fact very
appealing, as it leads to a different derivation of the quantization condition as we now show.
Consider an electric mass following a geodesic in the Taub-NUT spacetime, with four-momentum pµ = muµ. There
exists a conserved charge associated with every Killing vector field, and in particular a charge JZ associated with ξz :
JZ = mξ
µ
z uµ = pφ − 2Nmu0k . (IV.8)
We see that just as in the electromagnetic case, the angular momentum about the z-axis has an extra piece besides
the standard pφ. This extra piece comes from the angular momentum in the field, which varies as the particle moves
and which must be taken into account in the conservation law. In fact, the extra term coincides with the angular
momentum in the field when k = 1 and the particle is on the positive z-axis (see Appendix D). Thus the angular
momentum in the field is equal to 2Nmu0. Requiring this angular momentum to be quantized in multiples of ~/2
yields the quantization condition
4Nmu0 ∈ ~Z . (IV.9)
Note that when the particle is on the negative z-axis, the angular momentum in the field coincides with the extra
term in JZ when k = −1 and therefore changes sign.
Formula (IV.9) agrees with the condition that comes from periodicity in time of the wave function. Suppose indeed
that the electric mass is described by a wavefunction ψ. The time dependence of ψ is given by
ψ ∝ e−
iEt
~ (IV.10)
where E = mu0 is the energy of the particle. Recalling that time is periodic with period ∆t = 8πN , and requiring
single valuedness of the wave function, we obtain E∆t = 2nπ~ which implies, yet again, that
4Nmu0 ∈ ~Z . (IV.11)
Single-valuedness is required because the closed timelike curves are contractible.
At this point we may resort to the concept of duality invariance to argue that the result should also hold if we were
considering a test magnetic mass in the gravitational field of an electric mass, or in fact both. Thus we are led to the
conclusion that the quantization conditions derived in the linear theory
4G
(
PγQ¯
γ − P¯γQ
γ
)
~
≡
4GǫabQ
a
γQ¯
bγ
~
∈ Z (IV.12)
also holds in the full non linear theory. The scalar product which appears here is the Minkowskian scalar product of
the asymptotic charges Qaγ and Q¯
bγ . The antisymmetry of the quantization condition for the exchange of the dyons
is confirmed by the change of sign of the angular momentum stored in the field which was observed above.
C. Taub-NUT is asymptotically flat at spatial infinity
The introduction of the Minkowskian scalar product is legitimate because the Taub-NUT metric (IV.1) is asymp-
totically flat at spatial infinity in the sense of [27]. In polar coordinates, the conditions of [27], including their parity
conditions, read hrr = O(r
−1), hrθ = O(1), hrφ = O(1), hθθ = O(r), hθφ = O(r), hφφ = O(r) and the leading terms
(of the order just written) in hrr, hrφ, hθθ, hφφ should be even under the inversion θ → π − θ and φ→ φ+ π, while
the leading terms in hrθ, hθφ should be odd. Here, hij is the deviation from the flat metric also written in polar
coordinates. Similarly, the conjugate momenta should fulfill πrr = O(1), πrθ = O(r−1), πrφ = O(r−1), πθθ = O(r−2),
πθφ = O(r−2), πφφ = O(r−2), with the parity conditions that the leading terms in πrr, πrφ, πθθ and πφφ are odd,
while those in πrθ and πθφ are even.
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It is easy to see that all these conditions are fulfilled in the coordinate system with k = 0, where the Taub-NUT
metric reads
ds2 = −V (r)[dt − 2N cos θ dφ]2 + V (r)−1dr2 + (r2 +N2)(dθ2 + sin2 θ dφ2) . (IV.13)
The perturbation hij is not smooth as a tensor on the sphere because of the string singularities at θ = 0, π where hφφ
does not vanish, but its behavior as a function of r is nevertherless compatible with the required asymptotic fall-off.
This guarantees finiteness of all the surface integrals for the Poincare´ charges because the parity conditions are in
particular fulfilled. Coordinate systems with k 6= 0 fail to fulfill the parity conditions and for this reason, are not
amenable to the treatment of [27].
This notion of asymptotic flatness appears to be all that is needed for the action principle and the identification of
conserved charges. It does not, and need not, eliminate, of course, the geometrical difficulties pointed out in [26] in
regard, for example, to the probable impossibility of writing the metric at large distances as a smooth perturbation
of Minkowski space.
Note that it is not necessary to fix the magnetic mass N at infinity. Competing histories in the variational principle
may have different N ’s. This treatsM and N on an equal footing, preserving duality [34]. It is at first sight disturbing
that the Killing vectors (IV.6) depend on N because it would seem that the asymptotic symmetry group depends on
the magnetic mass which as we just noted can be varied. There is however no difficulty because the surface integrals
associated with the N dependent terms in the killing vectors vanish on account of the parity conditions. Indeed as it
was observed above since N is a pseudo-scalar the angular dependence of the factor that multiplies it in the rotation
Killing vectors is also odd under inversions as required by the parity conditions.
If one computes the Poincare´ charges for the metric (IV.13) using the formulas of [27], one finds
P 0 =M, P i = 0, Jij = 0, J0i = 0 . (IV.14)
The parameter N does not contribute to the “electric” Poincare´ charges. Observe in particular that the angular
momentum is zero for the Taub-NUT solution, indicating that the solution may be thought of as describing a dyon
with the two charges on top of one another. If the magnetic mass and electric mass are separated, there is a net
angular momentum and the metric belongs to the Kerr-Newman-Taub-NUT [28] family, which describes metrics with
angular momentum and electromagnetic charges. These metrics fulfill also the boundary conditions of [27]. Other
asymptotic analysis of the Taub-NUT solution (at null infinity) may be found in [29].
V. CONCLUSIONS
In this paper we have extended to all integer spins the action for magnetic poles introduced by Dirac. The
construction has two limitations: (i) it deals only with the linearized field theory and (ii) the sources must be
external. The presumption is however strong that, at least in the spin 2 case, that is, the theory of gravitation,
monopoles exist and the corresponding Dirac quantization condition holds. Arguments in this direction are advanced
based on properties of Taub-NUT space. The analogy with electromagnetism is emphasized throughout.
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APPENDIX A: HIGHER SPIN GAUGE FIELDS IN THE ABSENCE OF MAGNETIC SOURCES
We recall in this appendix the free theory of bosonic higher spin fields.
1. Spin s field and gauge invariance
In the absence of sources, a massless bosonic spin s field is described by a gauge potential which
is a totally symmetric tensor hµ1µ2···µs subject to the “double-tracelessness condition” [11], hµ1µ2···µs =
h(µ1µ2···µs), hµ1µ2µ3µ4···µsη
µ1µ2ηµ3µ4 = 0. The gauge transformation reads
hµ1µ2···µs → hµ1µ2···µs + ∂(µ1ξµ2···µs) , (A.1)
where the gauge parameter ξµ2···µs is traceless, ξµ2µ3···µsη
µ2µ3 = 0. The trace condition on the gauge parameter
appears for spins ≥ 3, while the double tracelessness condition on the field appears for spins ≥ 4.
From the field hµ1µ2···µs , one can construct a curvature Rµ1ν1µ2ν2···µsνs that contains s derivatives of the field and
that is gauge invariant under the transformations (A.1) even if the gauge parameter is not traceless,
Rµ1ν1µ2ν2···µsνs = −2 h[µ1[µ2···[µs,νs]···ν2]ν1] , (A.2)
where one antisymmetrizes over µk and νk for each k. This is the analog of the Riemann tensor of the spin 2 case.
The curvature Rµ1ν1µ2ν2···µsνs has the symmetry characterized by the Young tableau
µ1
ν1
µ2
ν2
· · ·
· · ·
µs
νs (A.3)
and fulfills the Bianchi identity
∂[αRµ1ν1]µ2ν2···µsνs = 0 . (A.4)
Conversely, given a tensor Rµ1ν1µ2ν2···µsνs with the Young tableau symmetry (A.3) and fulfilling the Bianchi iden-
tity (A.4), there exists a “potential” hµ1µ2···µs such that (A.2) holds. This potential is determined up to a gauge
transformation (A.1) where the gauge parameter ξµ2···µs is unconstrained [22].
2. Equations of motion
The trace conditions on the gauge parameter for spins≥ 3 are necessary in order to construct second-order invariants
– and thus, in particular, gauge invariant second-order equations of motion. One can show that the Fronsdal tensor
Fµ1µ2···µs = ∂
ρ∂ρhµ1µ2···µs − s∂(µ1∂
ρhµ2···µs)ρ +
s(s− 1)
2
∂(µ1µ2h
ρ
µ3···µs)ρ
,
which contains only second derivatives of the potential, transforms under a gauge transformation (A.1) into the trace
of the gauge parameter
Fµ1µ2···µs → Fµ1µ2···µs +
(s− 1)(s− 2)
2
∂(µ1µ2µ3ξ
ρ
µ4···µs)ρ
,
and is thus gauge invariant when the gauge parameter is requested to be traceless. The Fronsdal tensor is related to
the curvature by the relation
Rµ1ν1µ2ν2···µsνsη
ν1ν2 = −
1
2
Fµ1µ2[µ3[···[µs,νs]··· ]ν3] . (A.5)
In the absence of sources the equations of motion that follow from the variational principle written in the main text
(III.22) are
Gµ1µ2···µs = 0 , (A.6)
where the “Einstein” tensor is defined as
Gµ1µ2···µs = Fµ1µ2···µs −
s(s− 1)
4
η(µ1µ2F
ρ
µ3···µs)ρ
. (A.7)
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They obviously imply
Rµ1ν1µ2ν2···µsνsη
ν1ν2 = 0 , (A.8)
and the inverse implication is true as well [15]. Indeed, Eq. (A.8) implies that the Fronsdal tensor has the form
Fµ1µ2···µs = ∂(µ1µ2µ3Σµ4···µs), which can be made to vanish by a gauge transformation with an unconstrained gauge
parameter (see [14] for a discussion of the subtleties associated with the double tracelessness of the spin s field
hµ1···µs). The interest of the equations (A.8) derived from the Einstein equations is that they contain the same
number of derivatives as the curvature. Thus, they are useful to exhibit duality, which rotates the equations of motion
and the cyclic identities on the curvature.
3. Dual curvature
The dual of the curvature tensor is defined by
Sµ1ν1µ2ν2···µsνs = −
1
2
ǫµ1ν1ρσR
ρσ
µ2ν2···µsνs
,
and, as a consequence of the equations of motion (A.8), of the symmetry of the curvature and of the Bianchi
identity (A.4), it has the same symmetry as the curvature and fulfills the equations Sµ1ν1µ2ν2···µsνsη
ν1ν2 = 0,
∂[αSµ1ν1]µ2ν2···µsνs = 0.
4. Conserved charges
Non vanishing conserved charges can be associated with the gauge transformations (A.1) that tend to Killing tensors
at infinity (“improper gauge transformations”). They can be computed from the constraints [27] or equivalently from
the knowledge of their associated conserved antisymmetric tensors k
[αβ]
ξ introduced in [30], which generalize the
electromagnetic Fµν , the divergence of which vanishes in the absence of sources. The corresponding charge is given by
Qξ =
1
2
∫
S
⋆kξ [αβ] dx
α ∧ dxβ , where the integral is taken at constant time, over the 2-sphere at infinity. The tensors
k
[αβ]
ξ read
k
[αβ]
ξ = ∂
αhβµ1···µs−1ξµ1···µs−1 +
(s− 1)
2
∂βh ρµ1···µs−2ρ ξ
α
µ1···µs−2
+(s− 1)∂ρh
ραµ1···µs−2ξβµ1···µs−2 −
(s− 1)2
2
∂(αh µ1···µs−2)ρρ ξ
β
µ1···µs−2
−(α↔ β) + · · · ,
where the dots stand for terms involving derivatives of the gauge parameters.
Of particular interest are the charges corresponding to gauge transformations that are “asymptotic translations”,
i.e. ξµ1···µs−1 →r→∞ ǫ
µ1···µs−1 for some traceless constant tensor ǫµ1···µs−1 . For these transformations, the charges
become, using Stokes’ theorem and the explicit expression for k
[αβ]
ξ ,
Qǫ = ǫµ1···µs−1
∫
V
G0µ1···µs−1d3x.
As these charges are conserved for any traceless ǫµ1···µs−1 , the quantities P
µ1···µs−1 defined as the traceless parts of∫
V
G0µ1···µs−1d3x are conserved as well. In the spin 2 case, Pµ is the energy-momentum 4-vector.
5. Electric sources
In the presence of only electric sources, the equations of motion read:
Gµ1µ2···µs + Tµ1µ2···µs = 0 , (A.9)
or equivalently
Rµ1ν1µ2ν2···µsνsη
ν1ν2 =
1
2
T¯µ1µ2[µ3[···[µs,νs]··· ]ν3] (A.10)
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where T¯µ1µ2···µs = Tµ1µ2···µs −
s
4η(µ1µ2T
′
µ3···µs)
generalizes the energy momentum tensor and primes denote traces,
T ′µ3···µs = Tµ1···µsη
µ1µ2 . The curvature tensor has the Young symmetry (A.3) and fulfills the Bianchi identity (A.4),
as in the case without sources.
On the other hand, while the trace of the dual curvature tensor still vanishes, the latter has no longer the Young
symmetry (A.3) and its Bianchi identity gets modified as well. The new symmetry is described by the Young tableau
µ1
ν1
µ2
ν2
· · ·
· · ·
µs
νs
⊗
, (A.11)
as the dual curvature now satisfies S[µ1ν1µ2]ν2···µsνs = −
1
6 ǫµ1ν1µ2ρT¯
ρ
ν2[µ3[···[µs,νs]··· ]ν3]
, while the Bianchi identity
becomes ∂[αSµ1ν1]µ2ν2···µsνs =
1
3 ǫαµ1ν1ρT¯
ρ
[µ2[µ3[···[µs,νs]··· ]ν3]ν2]
.
APPENDIX B: GAUGE INVARIANCES OF HIGHER SPIN ACTION (WITH MAGNETIC TERMS)
We prove in this appendix that the action (III.22) is invariant both under the standard symmetries of the spin s
gauge field and under displacements of the Dirac string.
To that end, we first observe that the first term in the action (III.22) is invariant under the following shifts of
Y µνα1···αs−1 :
δY µνα1···αs−1 = ∂ρδ
µ
(α1
zνρ
α2···αs−1)
− ∂ρδ
ν
(α1
zµρ
α2···αs−1)
+ ∂(α1z
µν
α2···αs−1)
, (B.1)
where zµνα1···αs−2 = z
[µν]
α1···αs−2 = z
µν
(α1···αs−2)
is an arbitrary traceless tensor that satisfies ηα1[λz
µν]
α1···αs−2 = 0
when s > 2. Under this transformation, Y¯ µνα1···αs−1 transforms as δY¯
µν
α1···αs−1 = ∂(α1z
µν
α2···αs−1)
, which makes it
obvious that the curvature and the Fronsdal tensor are invariant under (B.1).
The transformation (B.1) can be conveniently written
δY µνα1···αs−1 = ǫ
µνρσ∂ρaσα1α2···αs−1 , (B.2)
where aσα1α2···αs−1 = −aα1σα2···αs−1 = aσα1(α2···αs−1) is given by
aσα1α2···αs−1 =
1
2
ǫσβγα1z
βγ
α2···αs−1
, (B.3)
is traceless and satisfies a[σα1α2]α3···αs−1 = 0 when s > 2.
Direct computation shows that the gauge transformation (A.1) of the spin s field acts on Y µνα1···αs−1 as the
transformation (B.2) with
aρσ(α1···αs−2) = −2
(s− 1)
s
∂[ρξσ]α1···αs−2
+
(s− 1)(s− 2)
s2
[
ηρ(α1∂
λξα2···αs−2)λσ − ησ(α1∂
λξα2···αs−2)λρ
]
.
It follows from this fact and the conservation of the energy-momentum tensor that the action (III.22) is invariant
under the standard gauge transformation (A.1) of the spin s field.
The displacements of the Dirac string change Φµνα1···αs−1 as δΦ
µν
α1···αs−1 = k
µν
α1···αs−1 where ∂µk
µν
α1···αs−1 =
0 . The latter equation implies that kµνα1···αs−1 = ∂λK
µνλ
α1···αs−1 , where K
µνλ
α1···αs−1 = K
[µνλ]
α1···αs−1 . Let
Kˆµνλα1···αs−1 be the part of K
µνλ
α1···αs−1 that is traceless in α1 · · ·αs−1; it can be decomposed as
Kˆµνλα1···αs−1 = x
µνλ
α1···αs−1
+ δ
[λ
(α1
y
µν]
α2···αs−1)
,
where xµνλ α1···αs−1 and y
µν
α2···αs−1 satisfy
xµνλ α1···αs−1 = x
[µνλ]
α1···αs−1 = x
µνλ
(α1···αs−1)
, xµνλ α1···αs−1δ
α1
λ = 0 ,
yµνα2···αs−1 = y
[µν]
α2···αs−1 = y
µν
(α2···αs−1)
, yµνα2···αs−1δ
α1
ν = 0 ,
ηα1[λy
µν]
α1···αs−1 = −
(s− 1)
2
xµνλ α1···αs−1η
α1α2 , yµνα1···αs−1η
α1α2 = 0 .
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For the action to be invariant under displacements of the string, the variation of Φµνα1···αs−1 has to be supplemented
with an appropriate transformation of hα1···αs . This transformation reads δhα1···αs =
1
6 ǫµνλ(α1 x
µνλ
α2···αs)
. Indeed,
when one performs both variations, Y µνα1···αs−1 transforms as in (B.1), so the first term in the action is invariant.
Furthermore, the electric coupling term is invariant as well because the support of the variation of the spin s field
does not contain the electric worldlines.
The identities that follow from the invariance (B.1) – or (B.2) – of the first term L in the action may be written
conveniently in terms of
Aσγ1···γs−1 = ǫσµνλ∂λ
(
∂L
∂Y µν γ1···γs−1
)
, (B.4)
and its trace A′γ2···γs−1 = Aσγ1···γs−1ησγ1 . They read
0 = Aσγ1···γs−1 −A(γ1γ2···γs−1)σ −
s− 2
s
(
ησ(γ1A′γ2···γs−1) − η(γ1γ2A′γ3···γs−1)σ
)
. (B.5)
Using these identities, one checks the following useful relations:
Gγ1···γs =
δL
δhγ1···γs
= A(γ1γ2···γs) +
(s− 1)(s− 2)
2s
η(γ1γ2A′γ3···γs) (B.6)
= Aγ1γ2···γs +
(s− 1)(s− 2)
2s
η(γ2γ3A′γ4···γs)γ1 , (B.7)
which will be used in the following appendix.
APPENDIX C: QUANTIZATION CONDITION FOR ELECTRIC AND MAGNETIC HIGHER SPIN
SOURCES
We work out explicitly in this appendix the quantization condition for higher spins. As for lower spins, this is
achieved by integrating the constraints expressing the unobservability of the Dirac string.
In the gauge y0 = λ, these constraints read
πm = −2Ny
′n fγ1···γs−1(v)
∂L
∂Y mnγ1···γs−1
.
In the quantum theory, the wave functional ψ must thus fulfill
~
i
δψ
δym(σ)
= −2Ny′n fγ1···γs−1(v)
∂L
∂Y mnγ1···γs−1
ψ .
Integrating this equation along a path that encloses an electric source, one finds the following variation of the phase
of the wave functional
∆Ψ = −
N
~
fγ1···γs−1(v)
∫
∂L
∂Y mnγ1···γs−1
(y˙my′n − y˙ny′m) dσdλ ,
where the integral is taken on the two-dimensional surface enclosing the electric source. Using the Gauss theorem,
this can be converted into a volume integral,
∆Ψ = −
N
~
fγ1···γs−1(v)
∫
d3x ǫmnp∂p
(
∂L
∂Y mnγ1···γs−1
)
.
Using the relations (B.7), one checks that
ǫmnp∂p
(
∂L
∂Y mnγ1···γs−1
)
=
δL
δh0γ1···γs−1
+ · · · ,
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where the dots stand for terms of the form η(γ1γ2Xγ3···γs−1). Upon use of the Einstein equations G0γ1···γs−1 =
−T 0γ1···γs−1 , the variation of the phase becomes, ∆Ψ = N
~
fγ1···γs−1(v)
∫
d3x T 0γ1···γs−1 = MN
~
fγ1···γs−1(v)f
γ1···γs−1(u).
For the wave functional to be single-valued, this should be a multiple of 2π. This yields the quantization condition
MN
2π~
fγ1···γs−1(v)f
γ1···γs−1(u) = n, n ∈ Z . (C.1)
Introducing the conserved charges P γ1···γs−1 , Qγ1···γs−1 , this can be rewritten as
1
2π~
Qγ1···γs−1(v)P
γ1···γs−1(u) ∈ Z . (C.2)
APPENDIX D: ROTATION SYMMETRY AND CHARGE QUANTIZATION FOR AN
ELECTROMAGNETIC MAGNETIC POLE
1. The Dirac string and rotations
A monopole is spherically symmetric, yet the vector potential is not manifestly so, and when rotated, the string
will move to a new location. As is well known, spherical symmetry is recovered by supplementing the naive rotation
generated by the usual Killing vectors by a gauge transformation that moves the string back to its original location.
Let us see how this works explicitly.
The usual Killing vectors which generate SO(3) rotations on the two-sphere are given by
ξX = − sinφ
∂
∂θ
− cosφ cot θ
∂
∂φ
,
ξY = cosφ
∂
∂θ
− sinφ cot θ
∂
∂φ
,
ξZ =
∂
∂φ
. (D.1)
They satisfy the algebra
[ξA, ξB] = −ǫABCξC . (D.2)
Under an infinitesimal rotation generated by one of these vectors, the vector potential changes by the Lie derivative
along the vector field:
LξBAi = ξ
j
B∂jAi +Aj∂iξ
j
B = ξ
j
BFji + ∂i(ξ
j
BAj) . (D.3)
For the monopole vector potential (D.11) this Lie derivative is non-zero and hence usual rotational symmetry would
appear to be broken. However, we can undo its effect if we accompany the Lie derivative by a gauge transformation
Ai → Ai + ∂iΛ such that the total change is
δξBAi = LξBAi + ∂iΛB = 0 . (D.4)
The gauge transformations that we find associated with the three Killing vector fields are
ΛX = −
g
4π
cosφ sin θ − ξjXAj =
gk
4π
cot θ cosφ−
g
4π
cosφ
sin θ
ΛY = −
g
4π
sinφ sin θ − ξjYAj =
gk
4π
cot θ sinφ−
g
4π
sinφ
sin θ
ΛZ = −
g
4π
cos θ − ξjZAj = −
gk
4π
. (D.5)
We note that ΛZ is a constant gauge parameter, yet it needs to be considered in order that the new rotation generators
to be defined below satisfy the algebra.
We can combine the gauge transformations ΛB and the naive rotation operators ξB to create new rotation operators
ξˆB = ξB + ΛB
∂
∂λ
by using the fact that the generator of gauge transformations is the electric charge q, which is in
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turn conjugate to the coordinate on the U(1) fiber which we call λ, so we can write:
ξˆX = − sinφ
∂
∂θ
− cosφ cot θ
∂
∂φ
+
(
gk
4π
cosφ cot θ −
g
4π
cosφ
sin θ
)
∂
∂λ
,
ξˆY = cosφ
∂
∂θ
− sinφ cot θ
∂
∂φ
+
(
gk
4π
sinφ cot θ −
g
4π
sinφ
sin θ
)
∂
∂λ
,
ξˆZ =
∂
∂φ
−
gk
4π
∂
∂λ
. (D.6)
These operators satisfy the SO(3) algebra just as (D.1).
2. The field angular momentum
Let us now consider an electric charge q of mass m placed at a point ~a in the background field of a magnetic pole
g placed at the origin. The background magnetic and dynamical electric fields are
~B =
g ~x
4π|x|3
, ~E =
q (~x− ~a)
4π|x− a|3
. (D.7)
As is well known, the angular momentum stored in the electromagnetic field does not vanish. It can be calculated
from the standard symmetric energy-momentum tensor of the electromagnetic field and is given by
~Lfield =
∫
V
~x× ( ~E × ~B) =
qg
4π
~a
|a|
. (D.8)
This expression is independent of the magnitude of ~a, though it depends on its direction, and therefore the limit
~a→ 0 cannot be taken continuously. For example, if we place the charge above the pole the angular momentum will
be negative, whereas it will be positive if placed below. Whatever the sign, if we assume the angular momentum to
be quantized in integer multiples of ~/2, we obtain the quantization condition
qg
2π
∈ Z . (D.9)
This was first noted by Fierz and is the statement that quantization of the field angular momentum results in the
Dirac quantization condition. The fact that one may obtain half integer angular momentum without fermions in sight
has been lucidly analyzed in [31].
3. Angular momentum of a test electric charge in the background of a magnetic monopole
One can get direct access to the angular momentum in the field differently, by analyzing the angular momentum of
a test electric charge in the background of a magnetic pole.
The magnetic field of a magnetic monopole of strength g,
Br =
g
4πr2
, (D.10)
can be associated with the one form vector potential
A =
g
4π
(k − cos θ) dφ , (D.11)
which satisfies B = ∇×A, for k an arbitrary constant, away from the Dirac string. When k = 1 the Dirac string lies
along the negative z-axis while when k = −1 the Dirac string lies along the positive z-axis. The value of k can be
modified to k˜ by a gauge transformation with parameter g(k˜ − k)φ/4π. For values of k 6= ±1, there are two strings,
one along the positive z-axis and one along the negative z-axis, with strengths that add up to one.
By demanding that the velocity should transform as a vector under rotations, the angular momentum operator
~J = m~x× ~˙x+
qg
4π
~x
|x|
, (D.12)
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was derived in [32].
There is an alternative way to arrive at this result which we believe is worth recalling. Using the standard Noether
procedure for the action
S =
∫ (
1
2
mx˙ix˙
i − qAix˙
i
)
dt (D.13)
we obtain that for a variation δx the action changes by
δS =
∫
d
dt
[
(mx˙i − qAi)δx
i
]
. (D.14)
on-shell, i.e. when the equations of motion hold. The transformation will generate a conserved charge if the action is
invariant off-shell up to the integral of a total derivative. Let us consider what the case is for a rotation generated by
δxi = ξiB. The first term in (D.13) is the norm of a vector and therefore manifestly invariant under rotations. The
variation of the second term becomes
δS = −q
∫ (
x˙iδξBAi +AiδξB x˙
i
)
= −q
∫
(LξBAi) x˙
i , (D.15)
where we have used δξBAi = (∂jAi) δξBx
j . If, as is the case here (see (D.4)), the Lie derivative of Ai is given by a
total derivative LξBAi = −∂iΛB this becomes
δS = q
∫
d
dt
[ΛB] . (D.16)
We can now equate equations (D.14) and (D.16) to obtain the charge JB conserved under rotations
JB = (mx˙i − qAi) ξ
i
B − qΛB . (D.17)
In fact the ΛB are the gauge transformations we computed in (D.5). For example, for rotations about the z-axis, we
obtain that
JZ = mφ˙+
qg
4π
cos θ , (D.18)
and in general the result (D.12).
From the expression (D.12), it is clear that the angular momentum does not vanish when the particle is at rest.
This apparent paradox is explained by comparing (D.12) with (D.8). The extra piece is the angular momentum of the
electromagnetic field, which must be included because the electric field of the test particle is dynamical and hence,
the angular momentum of the electromagnetic field changes with time. Only the sum of the standard orbital angular
momentum and the field angular momentum is conserved.
Expressing the angular momentum in terms of the (non gauge invariant) conjugate momenta pφ = mφ˙ − qAφ one
obtains, for the angular momentum about the z-axis,
JZ = pφ + k
qg
4π
. (D.19)
In the gauge k = 1 and when the particle is on the positive z-axis, the field angular momentum is just equal to the
extra piece appearing in JZ , besides the usual pφ. This is a way to identify the field angular momentum if one knows
the total angular momentum, as it is the case for gravity. Note that in the gauge k = 0, pφ is equal to the total
angular momentum.
It has been shown in [31, 32], that the difference JZ − qg/4π has integer eigenvalues. We may rewrite this assertion
in the notation used here as the statement that in the gauge k = 1 the operator pφ =
~
i
∂
∂φ
has integer eigenvalues
and therefore the wave function is periodic in φ.
However the periodicity of the wave function depends on k. This can be traced to the fact that differentiating with
respect to φ
pφ =
~
i
∂
∂φ
|λ (D.20)
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at constant λ (where λ is the coordinate along the U(1) fiber) is not invariant under the gauge transformation
λ→ λ−
gφ
4π
, (D.21)
which brings k from 1 to 0. As (D.21) itself shows the wave function picks up a phase factor e−i
qg
4pi
φ which shows in
turn, that in the gauge k = 0 the wave function is antiperiodic in φ when qg/4π is half integer. This anti-periodicity
is permissible because in the gauge k = 0 an infinite line is removed from R3 and the resulting configuration space for
the electron is therefore not simply connected. The infinite line is formed by two strings of half strength that come
into the magnetic pole along the positive and negative sides of the z-axis.
There is another interesting manifestation of the lack of simple connectedness due to the infinite line formed by the
two strings when k = 0. It is the following: the closed path traveled in configuration space when the string sweeps
out a closed surface around the electric charge is not contractible to the identity, whereas it is so when the string is
half infinite (see [10]). For this reason the string wave function changes sign after the turn and one gets the same
quantization condition as when k = 1 in which case the path is contractible and the wave function returns to its
original value.
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